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Ramanujan Explained

THE -BINOMIAL THEOREMq

Lecture 2

Chapter 3

The q-binomial theorem

Summary. Entry 16.2 is the famous q-binomial theorem due to Cauchy.

Ramanujan’s proof of the q-Binomial Theorem

Recall Entry 16.1(i) (equation (2.1)) where we took the limit as q ! 1 of the ratio of
products

(a; q)1
(aqx; q)1

The (so far, conjectured) limit (1�a)x is related to the Binomial Theorem, so it seems
useful to study a ratio of such products. Such an examination leads to the q-analog of
the Binomial Theorem, and settles (2.1) in the bargain.

Entry 16.2 ([15]) Let |q| < 1 and |a| < 1. Then

(�b; q)1
(a; q)1

=
1X

k=0

(�b/a; q)k
(q; q)k

ak. (3.1)

Proof. More generally, consider:

F (a, b, z) :=
1Y

k=0

1� bzqk

1� azqk
=

(bz; q)1
(az; q)1

= a0 + a1z + a2z
2 + · · · .

Then it is evident that

(1� az)F (a, b, z) = (1� bz)F (a, b, zq).
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Nrotation :

q-using factorials Ramanujan's 16
. ) (i) If we replace zbyz(1-2)

L

(a)2)o := 1 on doabo = ( as Eg(z( ,-a) = * ) -a)

Cailk : = (ta) (1-ag) . - (1-cqk-) k = r (2 : 2)
- 3.

K-terms 1ak 1
,

the RHS cande expanded miny Lin lim -(1 -2)
*

1 --

= ↑ (1 - agj)
the base" the binomial theoten Eas Eick 301 (1-2) (1-94) ... (l-9")

dj =P
+

= as a
FPgrin E

4 . Liv Cadiasa =
Lin

(199) (l-gat) ... Digitis =

, E ( Lim, Egieefails :I (l-agig -

ge,
ci<1-9) ... (l-2)

or analytic function
= a(+1) ... (a + k -1) Eg(E) -> E* = cE Cemee

-

.
ll
.Pack book

e

as a function of q , For fixed EG4, Cabr < rising factorial We say Eg(7) is e 9-analogue of et.
product converges fr 19/1 . Note (11 = K !

I there are more 9-anchoguesabsolutely
2- Fu fixed q ,

will 19k1
,
wa (Eiq) as This is actually a special case of the g-binnial

a function of z is entire is analytic final Example
&,

"discovery" is an the
.2

z - D- exercise in [41

Eglza := rich Eise Using Euler's trick
How to gues Newtop monial theore

Proof : deferred
We show the sum corveges for IEK1 (provided 19K) Finile fam :

Remarks

(+x = E(Y )x*1

--

=Tlwagi) = ke en
hot to =

ask k= r
↳ is chrose is

if k is not a non-urgelive inlegen , we can use I = n !

this to define g-uting fectorials. (ieK EK) .
= -2+ I

k ! (n -1) !
-

k-I

2. him (a : /k = him π(1-=
%) = ( - c * = 17 Facil ne I

When M= Ogl , 2 , B , --- - = # of maysof
-

q- 1 9-1I= 0
k-> 0 Choosing K-Subsek

Su Lin Lisle
because, yo

I is not a non-rugaline integer. of an n set

9- 1 (a9P : do
= (1-a * By relio test , Its converges when 12/1.
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O 9-binomial Them
But < = 1 (why ?)

(+x) = (i)x
* (i) = 0 Tha

-

k >n Entry II . 16 .
2

.

Let 19K1 , /KI then So we get (a) FPS)

LHS make sense it i is upled by a well a
F( , b, z) = (

=↳ Eido = E -Placee
Complex# =.

(1+x)"-> aexp(y(1+ x) ·

↳

Prof: (Ramanujan) Consider Soi
I E (i)x Flasbith = Aid =Aza,e, kk a -> a/z ,

b+ -b/z

I # n(M(k
-k +1 xk expand

. = Go + a,z + 4,z+ --- -

So = Eac. .k ! a FPS in z .
k=

-x E ala- k+1 k (1 -17) F(x , b , 7) = ((-bz) F(a , d, +2)

&

*Ik = r k ! (I-cz) /90 ta ,
77 ... )

= (l-b +) (do + 1 178+azz-- .) When 111 (forsenic) adlak
= (1 +x)

a

compare coufficients of z
"
on bolk sides , k > bolk- Products and series .

The series converges for /x/I .

Outline a proof in the exencies · an -a ak- = q
*

an -bayqk- Usually qubinomial there is written as
*

[1+x9 = ZGad
-a +k (

(

a = b
+

/aa= Cdo = E Clic eK = v

I & [x( -x" . - qk 12 1
,
19k 1

.

K = r
=Sp-39 Provided denominators are not 0 .

I --- E: (ti <)
x

= 0 only when z = q% ci < ..

= (iii) ... (1 - b/a) "as "Inzadenza
...

-)... ( - 9) Prof (lake) .
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Example: Suppose c = 9-
2

,
30 .

o=i
e

↓ (9 "isn = (1 -9 ")/1-52
+) - --
-

( - j
+k
+)

= 0 When K > n

Sum becomes aterminating sum
O

( - q +(l -ju
+z) ...

= - ae
(i-zj k = -

ReplaceE by zqu
n

[I-z)(1 -zc) .. (1 - z1"") = 2 ↳rid zene
#=

=

Ex YEaTiee
qie 1

(1 - z)= (i)(-zckz
Binomial
There.

-


